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Abstract 

Let X be a smooth complex projective variety, let j : U X 
an immersion of a Zariski open subset, and let V be a variation of 
Hodge structure of weight n over U. Then IH k (X,j*V) is known to 
carry a pure Hodge structure of weigh k + n, while H k (U,V) carries a 
mixed Hodge structure of weight > k + n. In this note it is shown that 
the image of the natural map IH k (X, j*V) — ► H k (U,Y) is the lowest 
weight part of this mixed Hodge structure. The proof uses Saito's 
theory of mixed Hodge modules. 

Introduction 

For a smooth complex projective variety X the decomposition of complex 
valued differential fc-forms into types induces the Hodge decomposition for 
the De Rham group H k (X, C) equipping this group with a a pure weight k 
Hodge structure. For singular or non-compact complex algebraic varieties 
this is no longer true in general. For instance H l (<C*) has rank 1 while it 
should have even rank if it would carry a weight 1 Hodge structure. Instead, 
cohomology groups have a mixed Hodge structure, i.e there is a rationally 
defined increasing weight filtration so that the fc-th graded pieces carry a 
weight k Hodge structure. In the example there is only one weight, namely 
2 and fl^C*) is pure of weight (1,1). 

Deligne |Del7R IDel74| constructed a good functorial theory for the co- 
homology of algebraic varieties and in the case of a smooth variety U the 
weight filtration can be seen on the level of forms as follows. First choose a 
smooth compactification X such that D = X — U is a divisor with normal 
crossings. Cohomology of U can now be calculated De Rham-style using 
rational forms having at most poles along D. The weight keeps track of the 
number of branches of D along which one has actual poles. Lowest weight 
corresponds to forms that extend regularly across D. Indeed, H k (U) carries 
a mixed Hodge structure with Wk~iH k (U) = and where WkH k (U) is the 
image of the restriction H k (X) — ► H k (U). 
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If one studies how cohomology behaves under morphisms / : Y — > X 
between algebraic varieties, the Leray spectral sequence tells one to look 
at H P (X, R p /*Qy). So cohomology groups with varying coefficient system 
come up naturally. Assume that X and Y are smooth projective. Then 
over the Zariski dense open subset U C X of regular values of / the sheaf 
R p f*Q Y 1S l° can y constant and the fibers carry a weight p Hodge structure. 
In fact these can be assembled to give the prototype of what is called a 
variation of weight p Hodge structure (cf. for instance [CSPJ). So it is 
then natural to look at H P (U,V) where V is a local system which carries a 
weight p variation of Hodge structure. It generalizes the previous case where 
V = and as in that situation, it is known that there is a mixed Hodge 
structure on the cohomology group H P (U,Y) provided the local monodromy 
operators around infinity are quasi-unipotent, a condition which is known to 
hold in the geometric setting [Schmj . The goal of this note is to show that 
also in this setting, the lowest weight "comes from the compactification" . 

One should perhaps clarify what is meant by "coming from the com- 
pactification" because this is subtler than in the case of constant coeffi- 
cients. Let me explain this for the case dimX = 1, following [Zucj . Let 
j : U > X be the embedding of U into its compactification. The sheaf 
j*Y is quasi-isomorphic to the complex of holomorphic forms with values 
in V and with I? growth conditions at the boundary (with respect to the 
Poincare metric). Forgetting the growth conditions gives a complex which 
computes the cohomology of V on U; whence a natural restriction map 
H P (X, j*V) — > H P (U,Y). One of the main results from [Zucj states that the 
source has a pure weight (p + q)-Hodge structure which maps to the lowest 
weight part of a functorial mixed Hodge structure on the target. As claimed 
before, in the general situation this remains true but it turns out to be easier 
to replace the approach using L 2 -forms by a purely topological approach, 
namely via the intersection complex. 

In fact, for higher dimensional base one should work with IH p (X,j*Y). 
See Remark 13.41 where the two are compared. That IH p (X,j*Y) carries a 
pure Hodge structure in the general situation (generalizing the curve case 
[Zucj) is much harder. To tackle this problem M. Saito [Sa88, Sa90j came 
up with an elaborate construction of mixed Hodge modules in which D- 
modules and perverse sheaves play an equally important role: in a mixed 
Hodge module they come glued in pairs related via the Riemann-Hilbert 
correspondence. It is crucial here that the theory becomes functorial only 
after going over to the corresponding derived category. This functorial be- 
havior makes it possible to use induction reducing the general situation to 
the curve case where Zucker's result holds. 

It is believed among experts that the assertion about the lowest weights 
also holds, but in Saito's work this is not explicitly mentioned. I have written 
this note in order to substantiate the expert's believe. The result is stated 
as Theorem 13.51 The proof turns out to be surprisingly subtle and uses in 



2 



an essential way Saito's functorial constructions, especially on the level of 
perverse sheaves. For that reason I start with a brief summary of the results 
I need from this theory. Then I discuss the minimal ingredients from the 
theory of mixed Hodge modules which are necessary in order to understand 
the proof. 

I want to thank Stefan Miiller-Stach for asking me this question and 
urging me to write down a proof. 

1 Perversity 

I won't recall here the rather technical definition of perversity, but only give 
a minimal exposition to explain the properties which will be used below. I 
shall only be working with the so called middle perversity which respects 
Poincare duality. Full details can be found in (B-B-DJ. 

Let X be a complex algebraic variety of dimension d. The category of 
perverse "sheaves" of Q- vector spaces on X, denoted by Perv(X;Q), is an 
abelian category. The fact that it is abelian follows from its very construction 
as a core with respect to a t-structure. While the details of this are not so 
relevant for what follows, one needs to now that the starting point is formed 
by the constructible sheaves of Q-vector spaces on X. By definition these 
are sheaves of Q-vector spaces which are locally constant on the strata of 
some algebraic (and hence finite) stratification of X. The simplest examples 
of such sheaves are the locally constant sheaves on X itself, or those that 
on some locally Zariski closed subset Z of X are locally constant and zero 
elsewhere. The derived category of bounded complexes of such sheaves is 
also the bounded derived category of Perv(X;Q). 

A core is defined with respect to a so-called i-structure and in the per- 
verse situation the i-structure is defined by the support and co-support 
conditions on complexes of constructible sheaves. By its very construction 
a perverse sheaf is not a sheaf, but a complex of sheaves. 
Remark 1.1. It is important to have in mind is that the support condition for 
a perverse sheaf F implies that H P (F) = for p > while the co-support 
condition implies H P (F) = for p < —d (where d = dimX): perverse 
sheaves are complexes "concentrated in degrees between —d and 0". 

On a smooth variety the support condition is even stronger and here 
a perverse sheaf is entirely concentrated in degree —d. For instance the 
constant sheaf on a smooth variety X can be made perverse by placing it in 
degree — d: the complex [d] is a perverse sheaf. If X is no longer smooth 
this complex has to be replaced by the so-called intersection complex TC' X . 
More generally, if U C X is a dense open subset of X which consists of 
smooth points and V is a (finite rank) local system of O- vector spaces on 
U one can form the intersection complex XC^(V[d]jj ; it is the unique 

'Some people write 1C' X (V) instead of TC' x (y[d\) 
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perverse extension of Y[d] to X. By definition, its hypercohomology groups 
are the intersection cohomology groups: 

IH k (X,Y[d}) :=M k (lC x (Y[d})). (1) 

Remark. Even if X itself is smooth an intersection complex on X need not 
be of the form Y[d] for some local system V on X because of non-trivial 
monodromy "around infinity" X — U. 

The following two results explain the role of these intersection complexes. 

Theorem 1.2 ([Bor84, Chap.V, 4]). Let X be a d- dimensional complex 
algebraic variety and let U be a dense smooth subset of X on which there is 
a a local system Y of finite dimensional Q vector spaces. The intersection 
complex ZC x (Y[d]) is up to quasi-isomorphism the unique complex of sheaves 
of Q-vector spaces on X which is perverse on X, which restricts over U to 
Y[d] and which has no non-trivial perverse sub or quotient objects supported 
onX-U. 

Theorem 1.3 ([B-B-D]). If X is complex algebraic, Perv(X;Q) is artinian. 
Its simple objects are the intersection complexes F = 2C' z (V[dim Z}) sup- 
ported on an irreducible subspace Z C X and where Y is associated to an 
irreducible representation ofiri(U), U C Z the largest open subset of Z over 
which F is locally constant. 

2 Mixed Hodge Modules 

In this section I put together some properties of mixed Hodge modules which 
will be used in the sequel. These properties are proven in [Sa88] and |Sa90j . 
I follow largely the exposition [F*S|. Cha. 14] where mixed Hodge Modules 
are introduced axiomatically. 

Let X be an algebraic variety. There exists an abelian category M H M (X), 
the category of mixed Hodge modules on X with the following 

Properties 2.1. A) There is a faithful functor 

ratx : £> b MHM(X) -» £> b Perv(X; Q). (2) 

such that MHM(X) corresponds to Perv(X;Q). One says that T&txM is 
the underlying rational perverse sheaf of M. Moreover, let me say that 

M € MHM(X) is supported on Z <^=^> rat^Mis supported on Z. 

B) The category of mixed Hodge modules supported on a point is the cat- 
egory of graded polarizable rational mixed Hodge structures; the functor 
"rat" associates to the mixed Hodge structure the underlying rational 
vector space. 
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C) Each object M in MHM(X) admits a weight filtration W such that 

• morphisms preserve the weight filtration strictly; 

• the object Grjf M is semisimple in MHM(X); 

• if X is a point the T^-nltration is the usual weight filtration for the 
mixed Hodge structure. 

Since MHM(X) is an abelian category, the cohomology groups of any com- 
plex of mixed Hodge modules on X are again mixed Hodge modules on 
X. With this in mind, we say that for complex M* € D h MHM(X) the 
weight satisfies 



We observe that if we consider the weight filtration on the mixed Hodge 
modules which constitute a complex M* € D b MHM(X) of mixed Hodge 
modules we get a filtered complex in this category. 

D) For each morphism / : X — > Y between complex algebraic varieties, 
there are induced functors /* : D h MHM(X) -> £> b MHM(Y) and /* : 
D h Mh\M(Y) —> D h MHM(X) which lift the functors Rf* and f~ l existing 
on the level of constructible complexes. 

E) The functor /* does not increase weights in the sense that if M' has 
weights < n, the same is true for f*M°. 

F) The functor /* does not decrease weights in the sense that if M* has 
weights > n, the same is true for f*M*. 

G) If / is proper, /* preserves weights, i.e. /* neither increases nor de- 
creases weights. 

These properties imply already various basic properties of mixed Hodge 
modules: If M' is a complex of mixed Hodge modules on X its cohomology 
H q M* is a mixed Hodge module on X. A consequence of Property A) then 
is: 

Lemma 2.2. The cohomology functors H q : D h MHM(X) -> MHM(X) are 

compatible with the functor ratx in the sense that for any bounded complex 
M* of mixed Hodge modules we have 




vat x [H q M'} 
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r tf 9 [rat x M*] 



where the perverse cohomology functor is used (see §EP- 



Properties E) and B) imply: 
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Lemma 2.3. Let ax '■ X — * pt be the constant map to the point. For any 
complex M° of mixed Hodge modules on X 

W(X,M*):=H*{(a x )*M*) (3) 

is a mixed Hodge structure. 

3 Polarizable Variations of Hodge Structure 

In this section X is a smooth complex projective variety of dimension d and 
j : U <—*■ X is the inclusion of a smooth Zariski-dense open subset such the 
following holds: 

Assumption 1) X — U = D is a divisor with strict normal crossings. 
Recall [SaM Th. 5.4.3]: 

Theorem 3.1. Suppose that Y is a polarizable variation on U of weight n. 
If assumption 1 ) holds, there is a pure weight n mixed Hodge module 1/ Hd § 
on U whose underlying perverse component is V[d]. 

Pure weight n mixed Hodge modules are exactly the polarizable weight 
n Hodge modules. These form a semi-simple category (by propertv l2,ll C) 
and they satisfy moreover the strict support condition: 

Property 3.2. A polarizable weight n Hodge module is a direct sum of 
polarizable weight n Hodge modules which have strict support in some irre- 
ducible subvariety of X. □ 

Let me make a second assumption on V: 
Assumption 2) The local monodromy operators around D are quasi-unipotent. 
Then, by [SaM 3.20, 3.21] one has: 

Theorem 3.3. If assumption 1) and 2) hold, and ifY underlies a polarized 
variation of Hodge structures of weight n on U , then there is a unique po- 
larizable Hodge module V^? dg of weight n + d on X having strict support in 
X and which restricts over U to V ndg . 

Remark. Note that this checks with the assertion in Theorem 11.21 which 
holds for the rational component of the mixed Hodge modules. 

The hypercohomology groups M k (X,2C x (Y[d])) carry pure Hodge struc- 
tures of weight k + d + n. This follows from the properties mentioned in [5J 
consider the proper map ax ■ X — > pt. Then [ax]*^ Hdg is a complex of pure 
mixed Hodge modules of weight n + d over a point and its /c-th cohomology 
has weight k + d + n. Since by CP one has IH k (X,Y) = M k (X,lC x V), it 
follows that IH k (X,Y) carries a pure Hodge structure of weight k + n. 

2 M is said to have strict support in Z if it is supported on Z but no quotient or sub 
object of M has support on a proper subvariety of Z. 
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Remark 3.4. By [CKS, Theorem 1.5] in this case the latter cohomology 
group can be identified with L 2 H k (X, Y) provided one measures integrability 
with respect to the Poincare metric around infinity (one is in the normal 
crossing situation, so locally around infinity you have a product of disks and 
punctured disks). Summarizing: 

M. k (lC' x (Y)) = IH k (X,Y) = L 2 H k (X,Y) 

has a pure Hodge structure of weight k + n. 

Next I want to relate intersection cohomology and ordinary cohomol- 
ogy. Start with the very general situtation of a morphism / : X — > Y and a 
mixed Hodge module M on Y. The adjunction morphism : M — > /*/*M 
is a morphism of complexes of mixed Hodge modules. For any bounded 
complex K* of sheaves on X, the identity ax = ay°f induces a canoni- 
cal identification U n (Y, = H n (X,K'). In particular this holds for 
K = f*M. Adjunction thus induces a morphism of mixed Hodge structures 
H k f# : U k (Y,M) -» U k (X,f*M). Specializing the above to the inclusion 
j : U <—> X and to M := V^ dg , by the above remarks, the adjunction 

j* . Vx dg -» V hdg 

induces a morphism of mixed Hodge structures 

H k j* : IH k (X,Y) -» H k (U,Y). (4) 

Theorem 3.5. T/ie image of H k j# under (j3J) is exactly the lowest weight 
part ofH k {U,Y) 

Proof: By Property I2.11 G the complex j*V Hdg has weight > n + d. The 
proposition follows from 

Claim. The morphism is injective and identifies V^ dg with the lowest 
weight part of j*V Hdg . 

Suppose that this claim has been proven. Note that the map H k j# is the 
composition of the two maps H k (j)t,(ax)*V x lds ) — ► H k (pt, (ax)*j^Vx dg ) 
and t fc : i/ fc (pt, (ax)*j # V^ dg ) -> i/ fc (pt, (ax)*J*^ Hdg )- The first map is an 
isomorphism by the first part of the claim. By the second part of the claim, 
j^V x dg = W n+ dj* V Rdg . A priori j*V Rdg is a complex of Hodge modules 
but in fact, in this special case, since the complement of D is a normal 
crossing divisor, Saito's construction of j* guarantees that one obtains a 
single mixed Hodge module M (see |Sa90l 94.2.11)]. Then, by definition 
W n +d,H (pt, (ax)*M) is the image of the natural map 

^ fc (pt, (a x )*W n+d M) -> i/ fc (pt, (a x )*M) 

which is the image of the second map ifc. It follows that W n+ dF*(aA-)*M) 
is the image of H k j# which completes the proof. 
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It remains to prove the claim. I use Theorem 13.31 stating that the in- 
tersection complex for V[d] underlies a mixed Hodge module which is the 
unique polarisable Hodge module on X having the property that it re- 
stricts to y Hd s on U and has no quotient nor sub object supported on 
D = X — U. It suffices therefore to show that the lowest weight part 
W d+n M of M = j*V Hds has these properties. It is a pure weight mixed 
Hodge module, and hence, by Property 12. H C a semi-simple object in the 
category of mixed Hodge modules. By construction, it restricts to y Hod § e 
on U. By semi-simplicity a quotient object is also a sub object and hence 
it suffices to show that there are no sub objects N supported on D, i.e. I 
need to show that Hom(A r , W n+ dM) = in the derived category of bounded 
complexes of mixed Hodge modules. This follows as soon as one shows the 
vanishing of Hom(./V, M). Let i : D <^-> X be the defining embedding. Since 
N = i*i*N by adjunction one has Hom(iV, M) = Hom(i*./V, i*M) and it 
suffices to prove Hom(i*iV, i*M) = 0. 

Since by Property 12. 11 A the perverse part is represented faithfully in 
the Hodge module it suffices to show vanishing of the latter group on the 
level of the rational components. The rational component of M = j*^ Hdg is 
j*Y[d\. The constructible sheaf V := j*V is supported as a locally constant 
sheaf on U U D' , where D' is the union of components of D along which 
the monodromy of V is the identity. Clearly z _1 V is supported as a locally 
constant sheaf on D' C D. The rational component of i*j*V^ dg is equal to 
i _1 V[d] and hence totally concentrated in degree — d. On the other hand 
the rational component of i*N is a perverse sheaf on D. By Remark II. 1\ 
since dimD = d — 1, this is a complex N* of constructible sheaves on D 
with cohomology in the range [— d + 1, . . . , 0]. 

Now I recall some elementary facts from cohomological algebra. Given 
a complex K' in some abelian category its two truncations are given by 

T < k K* := ■■■ K k - 2 -» K k ~ x -> ker d k -> -» • • • 
T > k K' := ► -> Imd^ 1 -» K k+l -» K k+2 

These fit into a short exact sequence 

^ r< k K* ^ K* ^ r> k+1 (K') ^ 0. (5) 

Using (0) one easily sees that K* has the same cohomology in degrees < k 
as its upper truncation r<kK* while it has the same cohomology in degrees 
> k as its lower truncation t^^K'. 

In the case at hand, N* has no cohomology in the ranges k > and 
k < — d + 1 and hence is quasi-isomorphic to the doubly truncated complex 
T >-dT<oN' which is concentrated in degrees [—d + 1,0]. In the derived 
category one thus has Rom(N', i~ l Y[d]) = Hom(r>_rfT<oA r *, i _1 V[cZ]) = 0, 
as required. □ 
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